AN EXTENSION TO THE STRONG DOMINATION
MARTINGALE INEQUALITY

STEPHEN MONTGOMERY-SMITH AND SHIH-CHI SHEN

ABSTRACT. For each 1 < p < oo, there exists a positive constant
¢p, depending only on p, such that the following holds. Let (dg),
(ex) be real-valued martingale difference sequences. If for for all
bounded nonnegative predictable sequences (s;) and all positive
integers k we have

E[Sk \Y |€kH < E[Sk V |dkH
then for all positive integers n we have

n n
D e D di
k=1 k=1

<6

p p

1. INTRODUCTION

Let (Q, F, P) be a probability space, and let (F}) be a filtration on
(Q,F, P). (We will suppose that Fy = {0, }.) If an adapted sequence
(di) is a real-valued martingale difference sequence, Burkholder’s in-
equality [3] shows that for any 1 < p < oo, if (vy) is a predictable
sequence bounded in absolute value by 1, then there exists a positive
constant ¢,, depending only on p, such that such that for all positive

integers n
n

kadk S Cp de

k=1 » k=1 lp
Later Burkholder [4] extended this result to subordination martingales:

if (dg), (ex) are two martingale difference sequences such that (ey) is
subordinate to (dy), that is, for all k£ > 1,

(1) lex] < |di]
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then there exists a positive constant c,, depending only on p, such that
for all positive integers n

n n
> e > di
k=1 k=1

A different approach to this inequality was proposed by Kwapien and
Woyczinski [9] (see also [10]). Two adapted sequence (di) and (eg)
are said to be tangent if for each £ > 1, we have that the law of d
conditionally on Fj_; is the same as the law of e, conditionally on
Fi_1, that is,

(3) P(dk > )\l-,’tk—1> = P(ek > >\|‘7:k—1)

(2)

< 6

p p

for all real numbers A\. Answering a conjecture of Kwapien and Woy-
czinski [9], it was proved by Hitczenko [6] and Zinn [15] that for 1 <
p < oo that there exists a positive constant c,, depending only on p,
such that if (dy) and (ex) are martingale difference sequences and (dy),
(er) are tangent, then for all positive integers n we have equation (2).

Given two adapted sequences, (e) is said to be strongly dominated
by (dy) if for each k > 1,

(4) Pler| > A Fp-1) < P(ldi| > A[Fi)

for all A > 0. It is obvious that the case of (1) and the case of (3) are
contained in the cases of (4). Thus the following result of Kwapien and
Woyeczinski [9] is a common generalization of these two results: if (dy),
(er) are two martingale difference sequences such that (ey) is strongly
dominated by (dj), then there exists a positive constant c,, depending
only on p, such that for all positive integers n equation (2) holds.

The purpose of this paper is to use a different approach to provide
another common generalization of those two results, an even a further
extension to Kwapienn and Woyczinski’s result.

Theorem 1. For each 1 < p < oo, there exists a positive constant
¢p, depending only on p, such that the following holds. Let (dy), (ex)
be real-valued martingale difference sequences. If for for all bounded
nonnegative predictable sequence (si) and all positive integers k we have

(5) Elsy V ex|] < Elsy, V [dy]]

then for all positive integers n we have equation (2).
Remark (a). We have that (5) is equivalent to

(6) E[(AV [ex])| Fe-1] < E[AV |di|)| Fr-1]
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for all A > 0. This is because for any A, € Fi_1 and a > 0 we have
that (axac V M) is predictable, and hence
El(axag V)V lex] —axag] < El(axag V A) V |dp| — axag]
When a intends to infinity, we obtain
E[(AV |ex])xa,] < E[(AV |di|)xa,]

which is equivalent to (6).

Remark (b). To see that Theorem 1 is really an extension to Kwapien
and Woyczinski’s result, we just simply observe that (4) is equivalent
to

P({lex] > A} 0 Ay) < P({|di| > A} N Ay),

and (6) is equivalent to

/ P({|6k| >t}ﬂAk)dt§ / P({|dk| >t}ﬂAk)dt
A A
for all A, € Fj_1.
Remark (c). Once we have Theorem 1, we can obtain that for k > 1,
if
P(|€k| > )\l./Tk_1) < I{P<|dk| > )\|JT]<;_1>,

we have

(7)

n
D
k=1

>
k=1

< K¢p
p p
This is because

/OOP({]ek|>t}ﬂAk)dt < /@/OOP({\dk|>t}ﬁAk)dt

— o [Tr ({la s Ly naa(t)

K

S /OO P({I{|dk| > t} N Ak)dt

Hence
EIAV e[ Fra] < EIAV &ldy|)| Fr]
and equation (7) follows.

Let us give an application of Theorem 1. In fact this application is es-
sentially equivalent to Theorem 1, and indeed will play a large role in its
proof. We will consider the probability space [0, 1] equipped with the
product Lebesgue measure £, and consider the filtration (L), where
Ly is the minimal o-field for which the first £ coordinate functions of
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[0, 1] are measurable. Then two sequences (d;) and (e;) are tangent
if

ez, . xp) = dp(1, . g1, Gp(xy, .., Tk))
where (¢, : [0,1]¥ — [0,1]) is a sequence of measurable functions
such that ¢p(xy,...,25_1,-) IS a measure preserving map for almost
all z1,..., Tp_1.
We will consider a more general situation. Suppose we have a se-
quence of linear operators (Tx(z1,...,7r_1)), depending measurably

upon (z3) € [0,1]N, that are bounded operators on both L;([0,1]) and
L([0,1]) with norm 1. Then consider the condition

(8) €k($1, ey L1, ) = [Tk<£€1, Ce ,.ij,l)]dk(l'l, ooy L1, )

Theorem 2. For each 1 < p < oo, there exists a positive constant cp,
depending only on p, such that the following holds. If (dy), (ex) and
(Tx) are as above satisfying (8), then for all positive integers n we have
equation (2).

We will also need the following intermediate result. For any random
variable f, let f# be the decreasing rearrangement of | f|, that is,

f#(t) =sup{s € R: P(|f| < s) < t}.

Theorem 3. For each 1 < p < oo, there exists a positive constant cp,
depending only on p, such that the following holds. Let (dy), (ey) be
martingale difference sequences on [0, 1]N with respect to (Ly). Suppose
that for each positive integer k

/O(ek(xl,...,xk1,-))#(s)ds§/0(dk(xl,...,xk1,-))#(s)ds

for allt € [0,1] and almost all z1,...,xx_1. Then for all positive inte-
gers n we have equation (2).

2. THE DISCRETE TYPE CASE

In this section we will prove Theorems 2 and 3 in a special discrete
situation, which we now describe. For any positive integer N, let Xy

be the o-field generated by the partition {[%, %) ci=1,2,...,N}.

Define a filtration () on [0, 1]N by Fp = L1 ® Xn. Suppose (dy),
(er) are (Fy)-adapted. Then for each k and for each xq,..., x4, we
see that dg(xy,...,z5_1,-) and eg(xy,...,25_1,+) are M y-measurable

simple functions on [0,1). Therefore dj and e; can be written as N-
dimensional vectors and T (z1, ..., x,_1) can be represented by a N x N
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matrix, that is,

ex(1) ap(1,1), yag(1,N) di(1)
ek(2) _ ak(Z, 1), ,ak(Z,N) dk(Q)
ex (V) w(N 1), - an (NN | L de(v)
where
dk(Z) = dk(:vl, c ,$k_1,i) = dk($1, .. :Ek) if T € [Tl %)
en(i) = ep(w1,. .., wpor, i) = ex(ar, ... ) if 2 € [ %)

Ty =T, -y wp-1) = [(ag(@1, - 21-1)) (6 ) vy = lar(d, 5) vy
The condition of being martingale difference sequences implies that

de Z k(i) =0

=1

Proposition 4. Theorem 2 holds in the case that (dy) and (ey) are
adapted to the filtration (Fy) described above.

In this discrete case, the boundedness of ||T%|| 1, 0,17y and || Tk . jo,1)
by 1 is equivalent to the condition that Zj\;l lax (i, 7)| < 1 for all 7 and

Zij\il lax(i,7)] < 1 for all j. We claim that without loss of generality,
we can assume that every row sum and column sum of Ty is 0, that is,

Zak(z’,j) = Zak(z’,j) =0

for all i and j. Suppose the i'" row sum Zjvzl ai(i,j) = Ry(i). Let T}
be the liner operator defined by

Ty = {ak(i,j) - R}“\Ei)

:|N><N

It is clear that every row sum of 7} is 0 and

(L)) = Z(am,j)—R’;v(“)dk(j)

J=1
N N

=
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Now we can assume that every row sum of T} is 0. Similarly suppose
the 5 column sum ZZ]\LI ag(i,j) = Cr(j). Let T} be the linear operator
defined by

I [ak(i,j) - CkT(j)}NxN

Again it is clear that every row sum and column sum of 7}’ is 0 and

i = 3 (i) - A2 i)

= Yl i) - 5 3 Cli)
= €k Z)
Zek(i) =2 Cr(7)dr(7) =0

After adjusting Tk, it is easy to check that the norms of T}, may be
enlarged up to 4. Of course, we can pick up 7} /4 instead and absorb
the 4 into the constant c,.

A nonnegative real matrix is said to be doubly stochastic if each of its
row and column sum is 1. A sub-doubly stochastic matrix means that
each of its row and column sum is less than or equal to 1. Therefore
we can change the assumption in Proposition 4 to be that: “for almost
all x1,..., x5_1, every row sum and column sum of the matrix from T},
is 0, and the matrix from |T}| is sub-doubly stochastic for each positive
integer k”

One of the fundamental results in the theory of doubly stochastic
matrices was introduced by Birkhoff [1] (or see for example [12]).

Theorem A. If M is a doubly stochastic matriz, then

S
M= 0P
i=1

where P; are permutation matrices, and the 6; are nonnegative numbers
g 5
satisfying >, 6; = 1.

Lemma 5. If M is a n x n sub-doubly stochastic matriz, then there
exists a 2n X 2n doubly stochastic matrixz such that its upper left n X n
sub-matriz ws M.



EXTENSION TO A MARTINGALE INEQUALITY 7

Proof. Suppose that R(i) is the i'* row sum of M, C(j) is the j®
column sum and S is the sum of all entries. Let

T 1-R(1) 1-R(1) 7
A= : :
1—-R(n) 1—R(n)
L n 7 Tt n dnxn
T 1-C(1) 1-C(n) T
B =
1-C(1) 1-C(n)
L n ) n 4 nxn
C'=Diag | 3, v L
Then define
M A
=l &)
B C 2nx2n
It is easy to check that M’ is a doubly stochastic matrix. U

Lemma 6. If M is a sub-doubly stochastic matriz, then there exists a
sub-doubly stochastic matrix N such that M + N is doubly stochastic.

Proof. Let M’ be the 2n x 2n doubly stochastic matrix such that its
upper left n X n sub-matrix is M. By Theorem A,

S
M =" 6;P
=1

where P/ are 2n x 2n permutation matrices and Zle 0; = 1. Suppose
that P, is the upper left n x n sub-permutation matrix of P/, then

S
M = Z 0,P
=1

Let @; be a n X n sub-permutation matrix such that P, + @Q; is a
permutation matrix, say R;. Define

s
N = Z 0;Q;
=1

thus
S
M+N =Y 6R;
i=1

which is a doubly stochastic matrix. U
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Lemma 7. Let M be an n X n matriz. If every row sum and column
sum of M is 0 and |M| is sub-doubly stochastic, then

S
M = Z 0P,
=1

where P; are permutation matrices, Zil 0; =0 and Zle 10;] =1

Proof. Let
= M|+ M
2
Y,
2

so A and B are nonnegative, and 24 and 2B are sub-doubly stochastic.
By Lemma 6, there exists a sub-doubly stochastic matrix C' such that
2(A+C) is a doubly stochastic. But A and B have the same row sums
and column sums, and hence 2(B + (') is also a doubly stochastic. By
applying Theorem A, we have

20A+C) = Z/\Ql

2(B+C) = ZX

where @);, Q) are permutation matrices, and the \;, A are nonnegative

numbers satisfying > " N = Z:”l A; = 1. Then the result follows
because

[\:>|&>:

@

M=(A+C)—(B+C)= i% i

4

Proof of Proposition 4. From Lemma 7, we know that for each £ > 1
and almost all x1,..., 2.1

k
Te(w1,. .. Tp_1) = Z Orin (21, . 1) - P (21, ..., 2—1)

ip=1

. . S S,
where Py ;, are permutation matrices, > %, 65, = 0, and > 7%, [0y, | =
1. Let

(9) hk,ik (xla vy Th—1, ) = [Pk,zk (Ilv s 7xk—1)]dk(x17 ey Ti—1, )



EXTENSION TO A MARTINGALE INEQUALITY 9

Then

d,

Sk

ip=1

Sk
= Z O ir | €k in P

ir=1
where e;, = sgn(y.,)-

Now we need to consider the probability space 2; x €5, where ; =
Q, = [0,1]N. We consider all of the previous random variables as
random variables on this new probability space, depending only upon
the first coordinate w;. We define a filtration (Gy) where G, = Fr ®
Liir.

We define a predictable sequence of random variables (i) so that
for each w; € 4, the random variable Iy (w1, -) takes the value i with
probability |0 ;(wy)|. Then we see that

er = Elerr,hnp, |L @ {0, Qa}].

Hence, since conditional expectation is a contraction on L,

n n
E €k E Ek,I, hk,lk
k=1 k=1

Now we see that (ej 1, ) is a predictable sequence bounded by 1. Hence
by Burkholder’s inequality, we see that

n n
E €1, ke, 1, E hi. 1,
k=1 k=1

Next, observing (9), since Py ;, are permutation matrices, for each k >
1,4, =1,2,..., 5k, hg,, is just an zp-rearrangement of dj,. that is

<

p p

<6
p

P

P (@1, - The1, ) = di(1, o Tpm1, T (4))
for some permutation 7y ;. Thus for any sequence (ix) we have that

(hii,) and (di) are tangent sequences. But then we see that (hyp,)
and (dy,) are tangent sequences. Hence there exists a positive constant

¢p such that
n n
> D, > d
k=1 k=1 »

The result follows. U

<G
p

Proposition 8. Theorem 3 holds in the case that (dy) and (ey) are
adapted to the filtration (Fy) described above.
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This will follow immediately from the following well-known result
[11].
Theorem B. f = (f1, fo,..., fn), 9= (91,92, --.,9n) are N-dimensional
real-valued vectors. f# = (fl#, fQ#, e ,f#) 1s the decreasing rearrange-

ment of |71 = (1fi.[fol. .| Fal). Then
gt <>
k=1 k=1

foralln =1,2,..., N if and only if there exists a matriz T = [a;;]nxn
such that T'f = g, Zfil laij] <1 and Z;V:1 |ai;| < 1.

3. THE GENERAL CASE

The following theorem was proved by Crowe, Zweibel and Rosen-

bloom [5].

Theorem C. Suppose f, g are random wvariables on [0,1], then for
1 <p<oo

1A = g* ||, < IIf =gl

Lemma9. 1 <p < 0. (Q,F, P) is a probability space. Letd(w,x),e(w,z) €
L,(©2x0,1]) be two random variables such that for almost every w €

that , ,
[ etn? < [y

[ i = [[awr=o0

Then given € > 0, there exists a positive integer N and d', e’ € L, (€ x
0,1]) that are measurable with respect to FRX.y such that ||d—d'||,, ||e—

el <e, t t
[@at < [@w

[ #w=[aw=o

Proof. For every € > 0, pick 0 < v < min{e/[7(||d||, V |lell,)],1/3} . Fix
w € (), and regard the functions as functions of only one variable z on
[0, 1]. Hence there exist simple functions

S
J = Z diXAi
=1

and

and
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s
€= Z Bix B,
i=1

ld = dll oy < Ylldll 2. o)
1€ = ell o < Vllellzioap-
We may suppose without loss of generality that the sets A; and B; are
the sets of the form [ry, s1), where the r; and s; are rational numbers.
Furthermore, we will suppose that A;, N A;,, = () and B;, N B;, = 0 for
1 # lo.
Let Ny = Ny(w) be the least common denominator of all these ratio-
nal numbers. For each w, since d(w, -)#, e(w, -)# are Reimann integrable

as a function of x, there is a number N; = N;(w) that is a multiple of
Ny and such that for all n > N; that

1E[d(w, )#[2a] = d(w, )|l ,qoay < Ylldlzy o

|Ele(w, )7 [En] = e(w, )| L0y < vllell Lo
Now let d,, = dx(n,w)<n} and e, = ex{n(w)<n}- Then d, — d and
e, — e in L,(2 x [0,1]). So pick N such that

ldn — d| L, xj0,11) < €/7,

HGN — G”Lp QX[O 1) < 6/7
For each fixed w € {N;(w) < N}, [&, ]i,) is either contained in some
Aj or disjoint to all A;. Let oy = a; if [ ,N) C A; for some j, and
= 0 otherwise. Let x; = X[i=L Thus

such that

sty O

(10) < |, 0.1y

LP([OJD
N # N
(z aixi) N
i=1 i=1
for some permutation o, where ¢; = sgn(e;). By Theorem C,
< Alldll Ly oy

N
Z Ea (i) No (i) Xi — 7
=1 Ly([0,1])

and also the analogous statement holds for e.
Now if we set

iXi — dn

and

(11)

Eld}|%y] = Z afxi
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then
N
(12) > ol —df, < lldllzi o,
=1 Lp([0,1])
Note that in this case that
t N t
[ > e[ at
0 0

,j=0,1,2,...,N. Then by (11) and (12),

N N
Z alxi — Z Eq (i) Ao (i) Xi
=1 =1

By doing the reverse process of taking decreasing rearrangement of
| Zﬁil a;Xi|, and setting

.

< 29||d]| , (jo,1))
Ly([0,1])

~

"
a; = 60-71(2')04071@)

we have

(13) < 29|l L, o1y

Lp((0,1])

N N
Z Qi Xi — Z QX
i=1 i=1
From (10) and (13),

< 37lldll .o,

N
Z aix; — dn
=1 Ly([0,1])

7=0,1,2,..., N, it is clear that

¢ N 7 t N t
[ () = [Lomn=[at
0 \i=1 0 =1 0

Furthermore, if we set

—J
For t = «,

(=E

N
Z din‘]
i—1

then
¢ < 39| 2, jo,1)-

We can also perform this same construction for e, the analogues of ¢;
and ¢ being 3; and n. Thus we see that for t = &, 7 =0,1,2,.... N

J
N
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that

t [ N #
(14 / (Z (@9 xz)

[\
ﬁ

VoY
M=

>

+

E
\_/

3k

IN
ﬁ
/P?
E>
=
N——

-
+
(O8]
=2
Y
=
=

t
= /d§+3vlldllm<[0,u)'t
0

t
< (1+37)/ %
0

and similarly

t N # t
(15) / <Z (@‘ - 77) Xi) > / e —3lellnyoy - t
0 ; 0

i=1
t
> (1—37)/ ek
0

Thus, we are ready to define d’ and ¢’. Let

¢ = (1+31) > (@ — O

= (1-3y) Z(@ —n)xi

It is clear that E[d] = E[ 'l = 0. Combining (14) and (15), we have
fort=+<,5=0,1,2,.

fiorsfa- [ fior

But then by linear interpolation, this follows for all £ € [0, 1]. Now an
easy argument shows that

|d" — d||,@xp.1)) < 61d]|L,x(0.0)) + €/7

le" — ellz,@x(o1)) < 67lellzy@x(o +€/7
and we are done. -
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Proof of Theorem 3. For each 1 < k < n, apply Lemma 9, there exists
an integer Ny and functions d}, e}, satisfying ||d}, — di||,, ||e}, —exll, < €
such that (d},) and (e)) are adapted to (Ly—1 ® Xy), where N is the
least common multiple of Ny, keep the martingale property, and

/0 (eh(z1,. .., mp_1,)) 7 (s)ds < /0 (di(x1,...,25_1,-))"(s)ds

for all ¢ € [0,1]. By Proposition 8, there exist a positive constant c,

such that
n n
>k > _di
k=1 k=1 »

\ldi — d}||, — 0 and ||ex, — €}||, — 0 as € — 0. The result follows. [

<¢
p

Proof of Theorem 2. If f is arandom variable on (Q, F, P), 1 < p < o0,
0 <t <1, we define the K-functional by

K(t, f;L,, Ly) = inf t 0o f
(O f Ly L) = 6 Lol + LA}
J. Peetre [14] has shown that
¢
K(tfiliLo) = [ 1*(5)ds
0

Hence it follows that if 7" is an operator on both L ([0, 1]) and L. ([0, 1])
with norm bounded by 1, then for ¢ > 0

[anteus< [ e

Thus the result follows from Theorem 3. O
Lemma 10. Let f and g be real-valued random variables on (Q, F, P).
Then

(16) EAVIg] < EAVIf]]

for all nonnegative number X\ if and only if
t t
/ g7 (s)ds < / f#(s)ds
0 0
for all t € [0, 1].

Proof. Equation (16) is equivalent to E [)\ \/g#] <k [/\ \% f#} For
the “if” part, let
a=sup{t: f#(t) > \}

B=sup {t:g"(t) > \}.
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Then
E\V f*] = /f#+(1—a))\
0

= /Oﬁf#+(1—ﬁ)A+/3a(f#—A>

> /Oﬁgh(l—ﬁm/:(f#—m

= EﬂAVgﬂ—hA(f#—A)

If a < 3, then for all z € (a, 3) we have f#(z) < ), and if 3 < a,
then for all x € (3,a) we have f#(x) > . Either way, we see that
J5 (f# = A) >0, and the result follows.

To show the “only if”, for any a € [0, 1], let
A= f*(a)
B=inf{t:g"(t) > A\}.

« B a
/Og# _ /Og#+L(9#—A)+A(1—ﬁ)+A(a—1)
a(g#—h)

a

(g% =N

= EAVGF ]+ Ma—1)+

-

< EMV ]+ Ma-1)+

= /Oaf#+/;(g#—k)-

Arguing as above, we see that [ ﬁa (g% — X\) < 0, and again the result
follows. 0

T

Given a random variable f and a sigma field G, we will say that f
is nowhere constant with respect to G if P(f = g) = 0 for every G
measurable function g. The following theorem [13] shows a concrete
representation of a sequence of random variables.

Theorem D. Let (f,) be a sequence of random variables takeing values
in a separable sigma filed (S,S). Then there exists a sequence of mea-
surable functions (gn : [0,1]" — S) that has the same law as (f,). If fur-
ther we have that f,.1 is nowhere constant with respect to o(f1,..., fn)
for all n > 0, then we may suppose that o(gi,...,9,) = L, for all
n > 0.
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Proof of Theorem 1. We will prove this theorem under the assump-
tion (6). Consider the map Dy = (dg, e, fr) : Q x [0,1]N — R? by
(w, (x)) = (dp(w), ex(w), zg). It is clear that Dy is nowhere constant
with respect to o(Ds,..., Dk_1). Apply the previous theorem to get

Dy = (ch,Ekak) 0 [0,1]* — R?® such that (D) has the same law as
(Dk) and U(Dl, e ,Dk) = ﬁk
Next, we show that for almost every x1,..., 2,1 and XA > 0 that

1 1 _
/ AV|€k($1,,fEk>|d$k§/ /\\/|dk(l’17,$k)’dl'k
0 0

which will follow from showing that for any bounded non-negative mea-
surable function ¢y, : [0, 1]*71 — [0, 00) that

B¢y, V 8] < Elox V |dl].

But then there exists a bounded Borel measurable function 6, : R3*-1 —,
[0,00) such that ¢ = 6(Dy,..., Dy_1) almost everywhere in [0, 1]*~1.
Thus

orVlex| = / 0(D1, ..., Dx1) V |&l
[0,1]%

E0(Dy,...,Dy-1) V |ex|]
E[0(Dx,...,Dy_1) V |dy]]

_ /er<51,...,5k_1>v|c’z;|
0,1

[0,1]

IN

G V |dy]
[0,1]%
Also to show that Eldy|Ly_1] = E[éx|Lr-1] = 0, it is sufficient to show
that for any bounded measurable function ¢ : [0,1]*"! — R that
El¢rdy] = E[¢rer] = 0. Thus follows by a very similar argument to
that above.
The result then follows from Lemma 10 and Theorem 3. 0

Acknowledgments. We would like to mention the help of Jim
Reeds and David Boyd in obtaining the argument about doubly sto-
chastic matrices and other useful remarks. Also, we would like to ex-
press our thanks to Mitch Taibleson for bringing this problem to our
attention.

REFERENCES

1. G. Birkhoff, Tres observaciones sobre el algebra lineal. Univ. Nac. Tucuman

Rev. Ser A5 (1946), 147-150.



10.

11.

12.
13.

14.

15.

SO

SO

EXTENSION TO A MARTINGALE INEQUALITY 17

. D. L. Burkholder, Distribution function inequalities for martingales. Ann. Prob-
ability 1 (1973), 19-42.

D. L. Burkholder, A geomtrical characterization of banach spaces in which marti
difference sequences are unconditional. Ann. Probability 9 (1981), 997-1011.
D. L. Burkholder, Sharp inequalities for martingales and stochastic inte-
grals. Colloque Paul Lévy sur les Processus Stochastiques (Palaiseau, 1987).
Astérisque (1988), 75-94.

L. A. Crowe, J. A. Zweibel and P. C. Rosenbloom, Rearrangements of functions,
Journal of functional analysis 66 (1986), 43291-438.

P. Hitczenko, Comparison of moments for tangent sequences of random vari-
ables. Probab. Theory Related Fields 78 (1988), 223-230.

P. Hitczenko, On a domination of sums of random variables by sums of condi-
tionally independent ones. Ann. Probability 22 (1994), 453-468.

P. Hitczenko and S. J. Montgomery-Smith, Tangent sequences in Orlicz and
rearrangement invariant spaces. Math. Proc. Camb. Phil. Soc. 119 (1996), 91—
101.

S. Kwapiert and W. A. Woyczynisi, Semimartingale integrals via decoupling in-
equalities and tangent processes. Probab. Math. Statist. 12 (1991).

S. Kwapieri and W. A. Woyczytisi, Random series and stochastic integrals.
Single and multiple. Birkhauser, Boston. (1996).

J. Lindenstrauss ans L. Tzafriri, Classical Banach spaces II. Springer-Verlag.
(1979).

H. Minc, Nonnegative matrices. Wiley Interscience. (1988).

S. J. Montgomery-Smith, Concrete representation of martingales. Electronic J.
Probab. 3, (1998), paper 15

J. Peetre, Espaces d’interpolation, généralisations, applications. Rend. Sem.
Mat. Fis. Milano 34, (1964), 83-92.

J. Zinn, Comparison of martingale difference sequences. Probability in Banach
spaces, V (Medford, Mass., 1984), 453-457, Lecture Notes in Math. 1153,
Springer, Berlin, 1985.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MIs-
URI 65211, USA.

E-mail address: stephen@math.missouri.edu

URL: http://www.math.missouri.edu/ stephen

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MIs-
URI 65211, USA.
E-mail address: mathgr75@math.missouri.edu



