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Abstract. We give a formula for f(η), where f : C → C is a

continuously differentiable function satisfying f(z̄) = f(z), and η
is a dual quaternion. Note this formula is straightforward or well
known if η is merely a dual number or a quaternion. If one is
willing to prove the result only when f is a polynomial, then the
methods of this paper are elementary.

A quaternion is a quadruple of real numbers, written as A = w +
xi + yj + zk, with the algebraic operations i2 = j2 = k2 = ijk = −1.
Its conjugate is Ā = A = w − xi − yj − zk. Its norm is |A| =
(w2 + x2 + y2 + z2)1/2. It is called a pure quaternion if w = 0. We
identify 3-vectors with pure quaternions, by identifying i, j, and k
with the three standard unit vectors. A dual number is a pair of real
numbers, written as α = a+ εb, with the algebraic operation ε2 = 0. A
dual quaternion is a pair of quaternions, written as η = A+ εB, again
with ε2 = 0. The conjugate of this dual quaternion is η̄ = Ā + εB̄.
The notion of dual quaternion goes back to Clifford [3]. For more
information, including how they are used by the graphics card industry
and in robotics, we refer the reader to [1, 2, 5, 7, 8, 9, 10, 12, 13, 17, 20].

The symbol i denotes one of the square roots of −1, and in this paper
won’t be identified with i.

We say that a function f : Ω→ C is valid if Ω is a subset of C such
that z ∈ Ω⇔ z̄ ∈ Ω, and

f(z̄) = f(z) for z ∈ Ω. (1)
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Note that if f(x+ iy) is a polynomial in x and y:

f(x+ iy) =
∑
m,n

rm,nx
m(iy)n. (2)

then f is valid if and only if the rm,n are real.
We show how to extend the definition of f , at least when f is appro-

priately smooth, to dual quaternions in such a way that it is correct
for polynomials. In all of the statements of our results, when we say
that a class of functions extends to a subset of dual quaternions, we
mean the following standard definition of a functional calculus.

(1) The class of functions contains f(z) = 1, f(z) = z, and if f and
g are in this class, and a is a real number, then f + g, fg, f̄ ,
and af are also in this class.

(2) Given any dual quaternion η from the prescribed subset, there
is a map from the class to dual quaternions, f 7→ f(η), such
that f(z) = 1 maps to 1, f(z) = z maps to η, f + g maps to

f(η)+g(η), fg maps to f(η)g(η), f̄ maps to f(η), and af maps
to af(η).

(3) If any topology is specified on the class of functions, then the
map η 7→ f(η) is continuous.

All of the results of this paper could be verified for polynomials sim-
ply by looking at the individual monomials, and indeed this is how
Lemmas 8 and 9 are best proved. Another method is to verify the
results if f(z) = 1 and f(z) = z, and show that the set of functions for
which it is true is closed under addition, multiplication, conjugation,
and multiplication by real numbers. However, for Lemma 10, these
straightforward approaches are nevertheless quite mysterious, and we
believe that our approach is more intuitive.

Once the results are verified for polynomials, we can extend to the
wider class of functions using the Stone-Weierstrass Theorem [11].

We should mention that the formula for dual numbers is well known
[18], and indeed we cite it as Lemma 8.

We also want to mention the remarkable, and rather different, ap-
proach taken by Selig to this problem [14].

If f is continuously differentiable, denote

fx(x+ iy) =
∂

∂x
f(x+ iy), fiy(x+ iy) = −i ∂

∂y
f(x+ iy). (3)

(Thus the Cauchy-Riemann conditions can be stated as f is analytic
if and only if fx = fiy.) Define the following real valued, continuous,
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functions, which are even in y:

g(x+ iy) =
f(x+ iy) + f(x− iy)

2
, (4)

h(x+ iy) =


f(x+ iy)− f(x− iy)

2iy
if y 6= 0

fiy(x) if y = 0,
(5)

so that
f(x+ iy) = g(x+ iy) + iyh(x+ iy). (6)

First we state how to extend f to the quaternions. The proof is
straightforward, because any quaternion that is a unit 3-vector behaves
formally exactly like i in C.

Theorem 1. Suppose that f : Ω → C is a valid function. Then f
extends to quaternions

f(a0 + a1) =

{
g(a0 + i|a1|) + h(a0 + i|a1|)a1 if a1 6= 0

f(a0) if a1 = 0,
(7)

where a0 is real and a1 is a 3-vector. Furthermore the norm is preserved
in that

|f(a0 + a1)| = |f(a+ i|a1|)|. (8)

If f is a valid polynomial, then a formula that extends f to all dual
quaternions is essentially stated in [18]. If A and B are quaternions,
then

f(A+ εB) = f(A) + ε
d

dr
f(A+ rB)

∣∣∣∣
r=0

. (9)

If A and B commute, this immediately implies Lemma 9 below. But if
A and B do not commute, it is not immediately apparent how to use
this formula. Thus we now state the main result of this paper.

Theorem 2. Let f : Ω → C be a valid continuously differentiable
function, where Ω is open in C. Define h by equation (5). Then f
can be extended to a continuous function on all dual quaternions as
follows. Given quaternions A and B, decompose A = a0 + a1 and
B = b0 + b1 + b2, where a0 and b0 are real, a1, b1 and b2 are 3-vectors,
b1 is parallel to a1, and b2 is perpendicular to a1. Write B1 = b0 + b1.
If a+ i|a1| ∈ Ω, then

f(A+ εB) = g(A) + εfx(A)b0 + h(A)(1 + εb2) + εfiy(A)b1 (10)

= f(A) + εfx(A)b0 + εfiy(A)b1 + εh(A)b2. (11)

Before proving this result, let us provide some examples. First some-
thing simple.
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Corollary 3. With the hypotheses of Theorem 2 we have

A+ εB = A+ εB (12)

|A+ εB| = |A|+ ε
Re(AB)

|A|
(A 6= 0). (13)

Next, we compute the exponential function. Formulas for the expo-
nential and logarithm are given in [16], but we believe ours are more
explicit. Another formula for the exponential and the logarithm is
given in [14], with a correction for the logarithm in [19]. While their
formula gives the same result for the exponential, this is not immedi-
ately obvious, and we haven’t checked for the logarithm. A formula for
the exponential and logarithm is also given in [5], but we believe that
their formula only works if A and B commute.

Corollary 4. With the hypotheses of Theorem 2 we have

exp(A+ εB)

= ea0
((

cos(|a1|) +
sin(|a1|)
|a1|

a1

)
(1 + εB1) + ε

sin(|a1|)
|a1|

b2

)
, (14)

where if a1 = 0, we set sin(|a1|)/|a1| = 1.

We can compute the logarithm in the same way, but then we can
only get the principal value. Instead we define a logarithm as a right
inverse to the exponential function: exp(log(η)) = η.

Corollary 5. Assume the hypotheses of Theorem 2, with A 6= 0. Let t
be the angle for a choice of polar coordinates for (a0, |a1|). If a1 6= 0,
then a choice of log(A+ εB) is

log(|A|) +
t

|a1|
(a1 + εb2) + ε

1

|A|2
Ā1B1. (15)

In the case a1 = 0, and a0 6= 0, we can assume t = nπ for some integer
n, and b2 = 0. Let p be any 3-vector perpendicular to b1 if n 6= 0, and
p = 0 if n = 0. Then a choice of log(A+ εB) is

log(|a0|) + nπ
b1
|b1|

+ ε
1

a0
B1 + εp, (16)

where if b1 = 0, we interpret b1/|b1| as any unit 3-vector.

Next we give a formula for powers. For α ∈ R and z ∈ C \ (−∞, 0],
let zα denote the principle value.
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Corollary 6. With the hypotheses of Theorem 2, if A /∈ (−∞, 0], then
we have

(A+ εB)α = Aα + εαAα−1B1 + ε
Im(Aα)

Im(A)
b2, (17)

where if Im(A) = 0, we set Im(Aα)/Im(A) to αAα−1.

Note that for α = −1, it can be shown that this is equivalent to the
formula

(A+ εB)−1 = A−1 − εA−1BA−1 (A 6= 0). (18)

Finally, we reproduce Selig’s formula for the Cayley Transform [14].

Corollary 7. With the hypotheses of Theorem 2, if A 6= 1, then we
have

1 + A+ εB

1− (A+ εB)
=

1 + A

1− A
+ ε

2

(1− A)2
b1 + ε

2

|1− A|2
b2

=
1 + A

1− A
+ 2ε

1

(1− A)
B

1

(1− A)
.

(19)

Now we start the proof of Theorem 2. As stated above, these first
two results come straight from equation (9). Lemma 8 is found in [18].

Lemma 8. Let f : Ω → R be a continuously differentiable function,
where Ω is open in R. Then f extends to dual numbers a + εb with
a ∈ Ω by

f(a+ εb) = f(a) + εf ′(a)b0. (20)

Lemma 9. Let f : Ω → C be a valid continuously differentiable func-
tion, where Ω is open in C. Then f extends to dual quaternions A+εB
where A and B commute with

f(A+ εB) = f(A) + εfx(A)b0 + εfiy(A)b1, (21)

where B = b0 + b1, b0 is real, and b1 is a 3-vector.

Lemma 10. Let f : Ω → C be a valid continuously differentiable
function, where Ω is an open subset of iR. Define the continuous real
valued function

h(iy) =


f(iy)− f(−iy)

2iy
if y 6= 0

fiy(0) if y = 0.
(22)

Then f extends to dual quaternions of the form η = a + εb1 + εb2,
where a, b1, and b2 are pure, b1 and a are parallel, and b2 and a are
perpendicular, by the formula

f(η) = f(a + εb1) + εh(a)b2, (23)
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Proof. Without loss of generality, we may assume that f is a polyno-
mial. Define the function

g(iy) = f(iy) + f(−iy). (24)

Since g and h are even polynomials, we can create polynomials k and
l on an open subset of [−∞, 0] by

k(z) = g(
√
z), l(z) = h(

√
z). (25)

Then we have the identities

f(z) = k(z2) + l(z2)z, k(z2) = g(z), l(z2) = h(z). (26)

Let α = a + εb1, and β = εb2. Use equation (9) to replace z with η in
equations (26). Note that η2 = α2. Hence

f(η) = k(η2) + l(η2)η = k(α2) + l(α2)η

= g(α) + h(α)(α + β) = f(α) + h(α)β.
(27)

�

Proof of Theorem 2. By Lemma 9, we only need to show

f(A+ εB) = f(A+ εB1) + εh(A)b2. (28)

Without loss of generality, assume f is a polynomial. Define the func-
tions u, v : (Ω− a0) ∩ iR→ C by

u(iy) = f(a0 + iy), (29)

v(iy) = fx(a0 + iy)b0, (30)

so that by Lemma 8, applied to the real and imaginary parts of x 7→
f(x+ iy), and replacing x by a0 + εb0, we have

f(a0 + εb0 + iy) = u(iy) + εv(iy). (31)

Now apply Lemma 10 to u and v. (A second derivative of f appears
when applying the lemma to v, but this disappears in the final result
because ε2 = 0.) �

During the writing of this paper, we came across a different approach
to proving Theorem 2 motivated by Chasles’ Theorem and the approach
taken in [16]. It can be shown that any dual quaternion may be factored
as

a+ a1 + ε(b+ b1) = (1 + εr)(a+ a1 + εB̃)(1− εr), (32)

where B̃ commutes with a1, and

r =

{
b1a1−a1b1

4|a1|2 if a1 6= 0

0 if a1 = 0
(33)
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is a 3-vector. (A similar formula is also in [14]). Also, if f : Ω → C is
a valid polynomial, then

f
(
(1 + εr)(A+ εB)(1− εr)

)
= (1 + εr)f(A+ εB)(1− εr). (34)

In this way, the computation is reduced to Lemma 9.

Finally, we note that the methods of the proof of Lemma 10 give a
cute, albeit simple, result for the Dunford-Riesz functional calculus of
analytic functions on complex algebras [4].

Proposition 11. Suppose f : Ω → C is an analytic function on an
open subset Ω of C satisfying z ∈ Ω ⇔ −z ∈ Ω. Define the analytic
functions on {z2 : z ∈ Ω} by

k(z) =
f(
√
z) + f(−

√
z)

2
, (35)

l(z) =


f(
√
z)− f(−

√
z)

2
√
z

if z 6= 0

f ′(0) if z = 0,
(36)

(37)

If A and B are anti-commuting elements of a complex algebra such that
their spectra σ(A) ∪ σ(B) ∪ σ(A+B) ⊂ Ω, then

f(A+B) = k(A2 +B2) + (A+B)l(A2 +B2). (38)

Applying this to (A + B)n, where n is a non-negative integer, gives
the coefficients of the so called Pauli-Pascal triangle [6, 15].
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[7] L. Kavan, S. Collins, J. Z̆ára, C. O’Sullivan, Skinning with Dual Quaternions,
https://dl.acm.org/doi/pdf/10.1145/1230100.1230107.



8 FUNCTIONAL CALCULUS FOR DUAL QUATERNIONS
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